APPROXIMATION NUMBERS OF COMPOSITION OPERATORS 
ON THE SPACE OF DIRICHLET SERIES 



HERVE QUEFFELEC AND KRISTIAN SEIP 

Abstract. By a theorem of Gordon and Hedenmalm, generates a bounded composition 
operator on the Hilbert space .3^'^ of Dirichlet series bnn~'' with square-summable 
coefficients 6„ if and only if ip{s) = cqs + ipis)., where cq is a nonnegative integer and 
ip a Dirichlet series with the following mapping properties: ip maps the right half-plane 
into the half-plane Re s > 1/2 if cq = and is either identically zero or maps the right 
half-plane into itself if cq is positive. It is shown that the nth approximation numbers 
of bounded composition operators on Jif^ are bounded below by a constant times r" for 
some < r < 1 when cq — and bounded below by a constant times for some A > 
when Co is positive. Both results are best possible. The case when cq = 0, ip is bounded 
and smooth up to the boundary of the right half-plane, and sup Re?/; = 1/2, is discussed 
in depth; it includes examples of non-compact operators as well as operators belonging to 
all Schatten classes Sp. For 1^9(5) — ci + '^qjlj'^ with qj independent integers, it is 

shown that the nth approximation number behaves as n^^'^^^^/^, possibly up to a factor 
(logn)^'^^^-'/^. Estimates rely mainly on a general Hilbert space method involving finite 
linear combinations of reproducing kernels. A key role is played by a recently developed 
interpolation method for ^ using estimates of solutions of the d equation. Finally, by a 
transference principle from of the unit disc, explicit examples of compact composition 
operators with approximation numbers decaying at essentially any sub-exponential rate 
can be displayed. 



1. Introduction and statement of main results 

By a theorem of Gordon and Hedenmalm [llj, we have a complete characterization of 
the bounded composition operators on the Hilbert space Jif^ which consists of all ordinary 
Dirichlet series /(s) = J2'^=i bnn~^ such that 
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Starting from this theorem, the present paper will study the rate of decay of the approx- 
imation numbers of compact composition operators on One of our main findings is 
that this rate of decay depends crucially on a certain parameter in the Gordon-Hedenmalm 
theorem. In addition, we will reveal, via the so-called Bohr lift, a precise relation between 
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the complex "dimension" of the composition operator and the decay of its approximation 
numbers. 

To make sense of the notion of a composition operator on J^^, we begin by observing 
that, by the Cauchy-Schwarz inequahty, consists of functions analytic in the half-plane 
(T := Res > 1/2. This means that C^f := f o (f defines an analytic function whenever ip 
maps this half-plane into itself. For to map Jif'^ into Jif"^, we clearly need to require 
more. In particular, it turns out that we need to consider other half-planes as well, and 
for that reason we introduce the notation 



where 6 can be any real number. The Gordon-Hedenmalm theorem reads as follows [TTj . 

Theorem 1.1 (Gordon-Hedenmalm's theorem). The function (f determines a bounded 
composition operator C^^ on Jif'^ if and only if 



where Cq is a nonnegative integer and ijj is a Dirichlet series that converges uniformly in 
for every e > and has the following mapping properties: 

(a) If Cq = 0, then ^^(Co) C C1/2. 

(b) If cq > 1, then either ip = orip{Co) C Cq. 

Here we have made a slight strengthening of the original theorem which only says that 
ip converges in some half-plane Cg-o and has an analytic continuation to Cq. In addition, 
we found it convenient in part (b) to state the mapping properties of rather than of 
the symbol (f. Our observation is that either of the mapping properties of (f given in the 
original theorem implies the stronger statement in Theorem 11.11 about the convergence of 
ip. We will present our short proof of this claim in Section |2] of the present paper. 

The study of compact composition operators on Jif^ was initiated in lU |2l |9]. Bayart 
succeeded in describing the spectrum of such operators [2], but otherwise results are rather 
incomplete compared to what is known in the classical case of if^(D) [25]. The emphasis 
in [21 19] was on membership in the Hilbert-Schmidt class. Our topic — the rate of decay 
of the approximation numbers an(C<^) — is a more delicate issue, and our study of it will 
reveal new phenomena. 

We recall here that the nth approximation number a„(T) of a bounded operator T on 
a Hilbert space H is the distance in the operator norm from T to the operators of rank 
< n. The approximation number a„(T) coincides with the nth singular number of T [H p. 
155]; the operator T is compact if and only if an{T) — )■ when n — )• 00, and it belongs, by 
definition, to the Schatten class S'p for < p < 00 if 



Cq := {s = a + it : a > 6} 
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We note that 5*2 coincides with the Hilbert-Schmidt class and that Sp C Sg when p < q. 
Approximation numbers have the "ideal property" , expressed by the inequality 

(1) a^{ATB) < P||a„(T)||5||. 

Here we may assume in general that a second Hilbert space H' is involved and that A : 
H —7- H', B : H' ^ H are bounded operators. 

Our first theorem gives general lower bounds for an{Cip). Here and in what follows the 
notation f{n) <^ g{n) or equivalently g{n) ^ f{n) means that there is a constant C such 
that f{n) < Cg{n) for all n in question. 

Theorem 1.2. Suppose that cq is a nonnegative integer and that {p{s) = cqs + Cn^~** 
generates a compact composition operator on J^"^ . 

(a) If Co = 0, then an{C^) ^ r" for some < r < 1. 

(b) If Co = I, then aniC^) ^ ^-Rcci-e every e > 0. 

(c) If Co > 1, then an{C^) ^ n^^ for some A> 0. 

To see that the rate of decay in (b) and (c) is optimal, it suffices to consider the symbol 
(p{s) = s + A for some A > 0. Then C<^ is a diagonal operator with respect to the 
orthonormal basis e„(s) := n"^ and C^e„ = n~^en, whence an(C^) = n~^. The fact that 
the lower bound in (a) can not be improved, requires a more elaborate argument, to be 
given in Section [7] below. There we will show that an{C^) <^ r" whenever cq = and 
the closure of ip{Co) is a compact subset of C1/2. We note that similar estimates and 
other results regarding approximation numbers in the setting were obtained in |13] . 

but the contrast between (a) and (b) + (c) has no parallel in the theory of composition 
operators on H'^{3). 

We may compare the preceding argument regarding diagonal operators with its parallel 
for the classical Hardy space if^(D). The monomials 2;" constitute a similar canonical basis 
for if^(D), and for ip{z) = rz, is a diagonal operator with respect to this basis. We 
get that ttniC^) = r"~^, and this shows that the general lower bound an{C^) 3> r"' found 
in [13] is best possible. We see that, in contrast, the approximation numbers of diagonal 
composition operators with respect to (e„) decay relatively slowly. 

As suggested by Theorem 11.21 cq = represents the most interesting and delicate case 
because a variety of different rates of decay of an{Cy,) may occur. We will give a simple 
example showing that we may have a bound as in part (c) of Theorem 11.21 even when Cq = 
and (p{Co) is "large" but restricted in the sense that (p{Co) C Cg for some 9 > 1/2. But 
our main concern will be to reveal the relevance of the complex "dimension" of the symbol 
(fi. We will make sense of this by restricting to Dirichlet series of the form 

d 

i=i 

where d can be a positive integer or c? = 00 and the positive integers qj > 2 are independent. 
If we set q = (qj) and use multi- index notation, then this means that any integer n can 
be written as n = g° for at most one multi- index a. For example, qi = 2 and ^2 = 6 are 
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independent. The canonical example of an infinite collection of independent integers is the 
set of prime numbers. 

An essential characteristic of a symbol of this kind, is the number 

d 



In view of the Gordon-Hedenmalm theorem (Theorem 11.11) . the independence of the qj, 
and Kronecker's theorem (see [9]), is bounded if and only if ^{{p) > 1/2. If K{ip) = 1/2, 
then is compact if and only d > 1, as was proved independently in ^ and Moreover, 
under the same assumption that k(v?) = 1/2, it was shown in pjj that is in the Schatten 
class 5*4 when d = 2 and that C^, belongs to 5*2 if and only if c? > 2. Thus we have 
a„(C^) < n^'^/^ for c/ = 2 and a„(C<^) < n"^/^ for d > 2. 

Our next result improves these estimates and gives best possible d-dependent upper and 
lower bounds, up to a factor (logn)^'^"^^/^. 

Theorem 1.3. Let ip{s) = ci + Yl'j=i^qjlJ^ ^ symbol such that the positive integers 
Qj > 2 are independent, Cg. ^ for 1 < j < d, and /?(</?) = 1/2. 

(a) Ifl<d< oo, then n-^'^-^^l^ < an(C^) < [n/ \ogn)'^'^-^^l^ . 

(b) If d = oo, then belongs to np>o'^p- 

In particular, it follows that is in C\p>2/(d-i) S2/{d-i) for 1 < < cxd. 

Part (b) of Theorem 11.31 shows that there exists a map ip that touches the vertical 
line (7 = 1/2 smoothly, but still the associated composition operator belongs to all 
the Schatten classes Sp. Theorem 11.31 suggests that the most important issue is not the 
smoothness of (p but rather how "frequently" the curve 1 1— )■ ip{it) gets close to the vertical 
line a = 1/2. This statement will become precise as soon as we have transformed ip into a 
function on the polydisc 3'^ via the so-called Bohr lift. 

Most of our estimates and, in particular, the entire proof of Theorem 11.31 rely on a 
general method, applicable in the context of Hilbert spaces of analytic functions. These 
techniques for estimating approximation numbers are not new; they can be found in the 
proofs of Proposition 6.3 in [L3\ (lower bounds) and in Theorem 2.3 and Theorem 3.2 in 
[H] (respectively upper and lower bounds). As in the closely related paper [20j, we have 
tried in what follows to emphasize the generality of the ideas involved in this method. 

The techniques developed to prove Theorem 11.31 will give a few other results as well. 
First, we will obtain an analogue of MacCluer's compactness condition in terms of van- 
ishing Carleson measures in the special case when cq = and the symbol cp is bounded. 
Second, we will establish a transference principle, showing that symbols of composition 
operators on if^(D), via left and right composition with two fixed conformal maps, give 
rise to composition operators on such that estimates for the approximation numbers 
carry over from if^(D). Consequently, using results from our recent paper [20], we may 
construct explicit examples of composition operators on J^"^ with approximation numbers 
with essentially any prescribed sub-exponential decay. The most precise result in this 
direction is obtained in the case of slow decay: 
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Theorem 1.4. Let g he a function on IR+ such that g{x) \ when x — t- oo and g{x'^) / g{x) 
is hounded helow. Then there exists a compact composition operator on M''^ with 



when — 7- oo. 

Theorem 11.41 says that we may prescribe any slow rate of decay (a negative power of logn 
or slower) and find an admissible symbol (f such that the approximation numbers an{Cip) 
descend accordingy. A particular consequence is that there exist compact composition 
operators on Jif"^ belonging to no Schatten class Sp, p < oo. The search for composition 
operators on if^(D) with this property began with a question of Sarason, followed by 
Carroll and Cowen's affirmative answer [8]. 

To close this introduction, we give a brief overview of the subsequent sections of the 
paper. We have in the next section collected some background material about the space 
J^"^, Carleson measures and interpolating sequences, and approximation numbers. This 
section also contains Bayart's characterization of the spectrum of and a classical lemma 
of Weyl. In Section [31 we use Harnack's inequality to obtain the desired adjustment of the 
Gordon-Hedenmalm theorem. Section H] presents the general method based on reproducing 
kernels and MacCluer's compactness condition. To obtain more quantitative applications 
of the general method, we need precise estimates of solutions to the interpolation problem 
associated with these reproducing kernels. Section [5] contains the required result; it is 
based on a technique from [23J relying on estimates of solutions of the d equation. Section |6] 
gives the proof of Theorem II. 2[ Part (a) and (b) are shown to be quite easy consquences 
of Bayart's theorem and Weyl's lemma, while part (c) and the rest of the paper relies 
on the methods developed in Sections H] and [51 Section [7] presents some examples for the 
case Co = 0, including the one showing that part (a) of Theorem 11.21 is best possible. We 
then prove Theorem 11.31 in Section [HI A crucial part of this proof consists in analyzing the 
mapping properties of ip, viewed as a map from D*^ into Ci/2- Finally, we establish the 
transference principle and consequently Theorem 11.41 in Section [91 

We close the paper in Section [TDl with some remarks intended to summarize the state of 
affairs concerning compact composition operators on and to address some interesting 
challenges for future investigations. 



2.1. Basic facts about J^^. The space was introduced and studied in [T^. As is 
readily seen, the reproducing kernel K^, of is Ku,{s) = ({s + w), where ( is the Riemann 
zeta-f unction. We have 



2. Preliminaries 



for every w in Ci/2- This means that 



K^{w) = C(2Rew) 



(2) 



|/(a + zt)|<(C(2a)) 



1/2 



11/11,^. < ((a -1/2) 



1/2 
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for every / in M''^ with C an absolute constant. The embedding inequahty [T6 
Theorem 4.11] 

(3) r\f{\ii^it)\Ht<c 



^2, 
J T 

which holds for every / in and an absolute constant C independent of r, gives addi- 
tional information about the boundary behavior of / in Ci/2- It is implicit in this statement 
that the nontangential boundary limit /(1/2 + zt) exists for almost every t. Indeed, the 
embedding inequality shows thatQ f{s)/s is in the ordinary Hardy space if^(Ci/2), which 
is defined as the set of functions h analytic in C1/2 for which 

(4) := sup — / \h{a + it)\'^dt< 00. 

Every h in iJ^(Ci/2) has a nontangential boundary limit at almost every point of the 
vertical line a = 1/2, and the corresponding limit function h 1— )■ h{l/2 + it) is in L^(M); 
the L^-norm of this function coincides with the if^-norm defined by (HI). 

The space Jif°° consist of those functions in J^'^ that extend to bounded analytic func- 
tions in Co, and we set 

\\f\U^:= sup \f{a + it)\. 

a+it: (T>0 

It was proved in |T2] that is the multiplier algebra of Ht. Here we will only need the 
simple fact that ||/||jf2 < ||/||,ir°°, which is a direct consequence of a classical theorem of 
Carlson [S]. 

We will resort to the so-called Bohr lift in the following special situation. Suppose we are 
given a finite sequence q = (gi, . . . , g^), where the d positive integers qj are independent. 
Let a = («!, . . . , ad) be a multi-index with ai, . . . ,ad nonnegative integers; to signify this, 
we write a > 0. Consider the subspace of J^"^ spanned by the basis vectors en(s) = n~* 
for which n = q"" for some multi-index a. Then this subspace is mapped isometrically, via 
n~'^ 2;", onto the space H'^(D'^) which consists of all functions 



o>0 



for which ||/||^2(][i)d) := J2a>o l^aP- Now the point is that, for almost every z on the 
distinguished boundary T"', the radial limit f{z) := lim^^i f{rz) exists [211 p. 46] and 



?f2(Dd) = / \f{z)\'^dmd{z) < cx). 



This relation is made explicit in ^ below. 
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where denotes normalized Lebesgue measure on T''. Writing z = {z^^\ . . . , z^'^^), we see 
that the Bohr hft of the symbol ip{s) := Ci + ^^=1 linear function 



(5) ^{z) = Ci + ^Ca.Z 



(i). 



the Bohr lift applies to C^f for every / in and yields the function / o $. Note that 
the reproducing kernel of H'^{3'^) at the point w in D'^ is the Bohr lift of the function 

d 

i=i 1 - ^^'^17 ^ 

What was just said, makes sense also if = oo and w is a sequence in V>°° fl Then 
rrioo is the Haar measure on T°°. Setting q = {pi,P2, ■■■), where pj are the prime numbers 
listed in descending order, we see that the Bohr lift maps Jif'^ isometrically onto 
In particular, via ([6]), we may define the reproducing kernel for Jif"^ at every point w of 
D~ n We will use the notation 

oo 



1 - w^i^pj 

for this generalized reproducing kernel for J^"^. 



2.2. Generalities about Carleson measures and interpolating sequences. In gen- 
eral, if i7 is a Hilbert space of functions on some measurable set fl in C, we say that a 
nonnegative Borel measure /i on f2 is a Carleson measure for H if there exists a positive 
constant C such that 

/ \f{z)\'df^{z)<C\\f\\l 
Jn 

for every / in H. The smallest possible C in this inequality is called the Carleson norm of 
/i with respect to H. We denote it by ||/i||c,H and declare that = oo if fails to be 

a Carleson measure for H. 

If the linear functional of point evaluation is bounded at some point z in Q, then H has 
a reproducing kernel at that point, meaning that is an element in H with the 
property that f{z) = (/, K^)h for very / in H . Let VLq denote the subset of VL consisting 
of points at which H has a reproducing kernel. We then say that a sequence Z = (zj) of 
distinct points zj in Qo is a Carleson sequence for H if the measure 

j 

is a Carleson measure for i7^(D). We will need the following dual statement about Carleson 
sequences in terms of the reproducing kernels. 
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Lemma 2.1. If Z = [zj) is a Carleson sequence for H , then 

3 j 

for every finite sequence of complex numbers {hj). 

Proof. Set / = Y.. bjK^^ and note that, since \\f\\H = (/, hjK^^n = E bjfizj), we have 



-2 
H ■ 



3 j i 

To finish the proof, it suffices to observe that the latter sum on the right-hand side is 
bounded by ||/U//^^||c,_f/||/||H- 

We say that a sequence Z = (zj) of distinct points Zj in f^o is an interpolating sequence for 
H if the interpolation problem f{sj) = aj has a solution f in H whenever the admissibility 
condition 

holds. If Z is an interpolating sequence for H, then the open mapping theorem shows that 
there is a constant C such that we can solve f{sj) = aj with the estimate 

1/2 

whenever ([7]) holds. The smallest C with this property is denoted by Mh{Z), and we 
call it the constant of interpolation. It follows that an interpolating sequence for H is in 
particular a Carleson sequence for H. 

We have again a dual statement involving reproducing kernels. 

Lemma 2.2. If Z = (zj) is an interpolating sequence for H , then 

for every finite sequence of complex numbers {hj). 

This reformulation is classical and seems to have been observed first by Boas [3]. 

2.3. Carleson measures and interpolating sequences for spaces. We now re- 
strict our attention to the three spaces if^(D), /7^(Ci/2), and J^^. We have = © 
and VLq = J]) ii H = H'^{E>) and otherwise = C1/2 and Qq = C1/2. We note that 
ll/sTf ||-2 = 1 _ \z\^ when H = H\B), \\K^\\h^ = 2Res - 1 when H = H\Cy2), and 
ll-^i^ll^^ = [C(2Res)]^^ when H = Jf"^. We will now state two classical results about Car- 
leson measures and interpolating sequences, and discuss the simplest connections between 
the three different settings. 
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We begin with Carleson's characterization of Carleson measures for H"^ on half-planes 
and discs [7J. To state this result, we introduce the following terminology. A closed square 
Q in Ci/2 with one of its sides lying on the vertical line a = 1/2 is called a Carleson square; 
the side length of Q is denoted by (!.{Q). Likewise, a set of the form 

Q(ro, to) := {z = re'' G D : r > tq, \t-to\<{l- ro)7r} 

is declared to be a Carleson square in D, and we set ^(Q(ro,to)) '■= ^ — fo- 



Theorem 2.1 (Carleson's theorem). Let jj. he a nonnegative Borel measure on C1/2 or© 
and let H he respectively either iJ^(Ci/2) or iJ^(D). There exists an ahsolute constant C 
such that 

||/i||c,H<CsupMQ)MQ), 



where the supremum is taken over all Carleson squares Q in C1/2 or D. 

We do not have a complete characterization of Carleson measures for J^'^, but there is 
a simple relation to i7^(Ci/2) when /i is supported on a compact set. 

Lemma 2.3. If n is a Carleson measure for H'^{Ci/2), that is supported on the rectangle 
1/2 < Res < 9, I Ims| < R, then 

\\fx\\c,,^2 < CiR^ + 9^)\\fi\\c,HHc,^,), 
where C is an ahsolute constant. 

Proof. Let / be an arbitrary vector in Jf^. Setting F{s) = /(s)/s, we have, by our 
assumption on /i. 



[_\f{s)\'df,{s) < {R' + 9') /_|F(s)|Xs) < (i?^ + ^^)||^||c,//^(c,/.)l|i^ll?,.(c,/,)- 
By the embedding inequality ([3]), we have 

|F(l/2 + zt)|2rft< J]-— - / \F{l/2 + tt)\^dt<C\\f\\%,. 

□ 

We turn next to the description of interpolating sequences for if^(Ci/2) (see [TTl pp. 156- 
158]). The pseudohyperbolic distance between two points s and w in C1/2 is 



1/2 

V — III I I X I \ f-j <»." — I II ^ 1 1 1— ■ ■ » I ( — I I » 

(9) q{,s,w):-- 



s — w 



s + w — 1 
the separation constant of S is 



^ _ (2Res- l)(2Rew- 1) 



Is + w — 1'^ 



r]{S) := inf g{sj,Sk) 
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and we say that 5* is separated if ri{S) > 0. We also need the quantity 



S{S) := inf Yl Q{sj,Sk), 



which yields a more severe notion of separation. The following theorem was obtained from 
Carleson's work [5] by Shapiro and Shields [21]. See also pTIj p. 261]. 

Theorem 2.2 (Shapiro-Shields's theorem). A sequence S of distinct points in C1/2 is an 
interpolating sequence for if^(Ci/2) if and only if 

(a) S is separated; 

(b) S is a Carleson sequence for H"^ {€.1/2) ■ 
Moreover, 

1/5{S)<Mh^^^^^^){S)<Us\\T/5{S). 

1 /2 

Here the estimate MH'i{Cij2)^S) < H/xsHc /^{S) is obtained from a duality argument that 
can be found in [221 P- 227]. The bound 1/5{S) < Mjj2(^i^_^^^^(S) is a consequence of the 
fact that the product of a normalized reproducing kernel at s and a Blaschke product has 
the largest possible modulus at s among unit vectors that are divisible by that particular 
Blaschke product. 

Sometimes it will suffice to use the crude estimate 

(10) 1/5(5) <exp[27r(l + 21og(l/r/(^)))||^5||c], 

which is a consequence of the elementary inequality 

mS) < =up exp (1/2 + log(l/,(S)) Y: PRe..,- l)(2Re..-i; 

(see (1.10) in ^ p. 279]). 

In Section El we will prove an analogue of Lemma 12.31 for interpolating sequences. The 
lemma established in Section [5] is a considerably more difficult result than Lemma 12.31 

Finally, we introduce 

T(^) = l/2 + ^, 
which is the Mobius map of D onto C1/2. 

Lemma 2.4. For an arbitrary sequence of distinct points Z in D, we have 

Mh2(b)(Z) = Mh.(c,/,)(T(Z)). 

Proof. Since 

1- 



;il) Re{T{z) - 1/2) 



\l + z\ 
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and the map / t— )■ a/2(1 + z)~^ f{T(z)) is a unitary map from if^(Ci/2) onto if^(D), we 
infer that the interpolation problem g{zj) = aj in if^(D) can be solved as follows when 
— kjP) < CO- Set bj = [(1 + Zj)/\/2]aj and observe that 

Re(T(^,) - 1/2) = ^ \a,\\l - \z,\')/2 
j j 
by ( fTTll and the definition of 6j. We can thus find / in H'^{Ci/2) such that f(T{zj)) = bj. 
Now set g{z) = \/2{l + z)~^f{T{z)). Then we have g in as well as ||5'||//2(d) = 

ll/lli^2(Ci/2) and g{zj) = aj. This shows that MH'2(n){Z) < Mh2(Ci/2)(T(Z)). Reversing this 
argument, we obtain similarly Mh2(jj,j{Z) < Mh2^c_^^^)(T{Z)). □ 

2.4. Bernstein numbers. We will make use of the following general characterization of 
nth approximation numbers. 

Lemma 2.5. Let T be a bounded operator on a Hilbert space H . Then 
(12) a„(T) = sup [ inf ||Tx|| 



dim E=n 



xe-B,||a;||=l 



The proof is elementary and can be found in [19j. The number defined by the right-hand 
side of f|T2|) is called the nth Bernstein number of T. 

One may use Lemma 12.51 to establish lower bounds for a„,(T). The efficiency of this 
method depends on whether a good choice of E can be made. In our case, when T = C*, 
we will take advantage of the relation 

(13) C;{Ka) = 

which holds for every point a in C1/2. Similarly, when (f is as in Theorem 11.31 with Bohr 
lift given by (|5]), 

(14) c;iK) = K^M 

for every point w in D*^, as a consequence of the easily verified relation 

for n = 1,2, .... In either case, we will choose E a.s a. linear span of a suitable finite 
sequence of reproducing kernels or, more generally, of linear combinations of reproducing 
kernels. To succeed with this approach, we need precise results about Carleson measures 
and interpolating sequences. 

2.5. Bayart's theorem on the spectrum of compact composition operators. In 

[21 Theorem 4], Bayart gave the following general description of the spectrum Spec{C^) of 
compact composition operators on J^'^. 

Theorem 2.3 (Bayart's theorem). Let ip{s) = cqs + J2'^=i '^nn~'^ be a symbol such that 
is a compact composition operator on M'^ . 

(a) //co = 0, then SpecCi^ = {0, 1} IJ{[v^'('^)]'^ ■ ^ ^ 1}; where a is the fixed point of 
a in Ci/2. 
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(b) //Co = 1, then Spec(C^) = {0,1} Jl^""' : k>l}. 

(c) //co > 1, then Spec(C^) = {0, 1}. 



When Co < 1, Bayart's theorem will lead to nontrivial estimates for a„(C^) thanks to 
the following classical lemma of Weyl [Hp. 157]. 

Lemma 2.6 (Weyl's lemma). Let (an) be the sequence of approximation numbers of a com- 
pact operator T on a Hilbert space H , and let (A„) be the sequence of nonzero eigenvalues 
ofT, arranged in descending order. Then 

(15) oi ■ ■ -On > |Ai • ■ ■ A„|, n = l,2,... 

Weyl's lemma was used in a similar context in |13] . 

3. Range and convergence of the Dirichlet series in Theorem 11.11 

We recall the necessary and sufficient condition for boundedness of given in the 
original theorem of Gordon and Hedenmalm [TT] : We may write 



where co is a nonnegative integer and if) is an analytic function in Co that can be represented 
by a convergent Dirichlet series in some half-plane Co-q. Moreover, ip has the following 
mapping properties: 

(a) If Co = 0, then v5(Co) C C1/2. 

(b) If Co > 1, then ^{Cq) C Co. 

We will prove that this condition implies the condition stated in Theorem 11.11 

To begin with, we note that if the function %p is nontrivial and the above condition (b) 
holds, then ip also maps Co to Co- Indeed, if </?(Co) C Co, then cqs + ip^s) is a Herglotz 
function in Co, which in particular means that ip can be expressed as a Poisson integral of 
a nonnegative measure along the imaginary axis and so iP{'Cq) C Co whenever this measure 
is nontrivial [TDl p. 17]. We note that this implication concerning the mapping property 
of ip was also proved in [TTl Proposition 4.3] by a different argument. 

The remaining issue is to show that the condition above implies uniform convergence in 
Co of the Dirichlet series representing ip. To this end, we observe ffist that this Dirichlet 
series will be uniformly bounded in every half-plane Ce when 9 > + \. We fix such an 
abscissa 9 and choose any number < a < 1. Then the function -0" is analytic in Co and 
has the property that ['(/'(s)]" < cRe[?/'(s]" for a constant c that only depends on a. Given 
any s = a + it m C^, we can now apply Harnack's inequality to the positive harmonic 
function u := Yieip"" at the points a + it and 9 + it. Indeed, the same Herglotz formula as 
above gives u{a + it) < {9/a)u{9 + it) if < a < 9 and t G M. This implies that ip"' and 
hence ip is uniformly bounded in C^. By a classical theorem of Bohr it follows that the 
Dirichlet series representing ip converges uniformly in every half-plane Cg. 

We note that this argument establishes a result of independent interest in the general 
theory of Dirichlet series. We state it as a separate theorem: 



00 




n=l 
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Theorem 3.1. Suppose that ip is analytic with no zeros in Co and that the harmonic 
conjugate of log is bounded in Cq. If ip can be represented as a convergent Dirichlet 
series ^„ c„n~* in some half-plane Co-q, then this Dirichlet series converges uniformly in 
Cs for every e > 0. 

4. A GENERAL METHOD 

4.1. A general theorem for (f with cq = 0. As we will see in this section, the case 
Co = allows for an interesting interaction with function theory on T°°. 

We will only consider symbols ip that are bounded analytic functions on Cq. Since then 
in particular ip is in its Bohr lift $ can be viewed as a function in L^(T°°), and we 
may represent it by a boundary function $* on T°°. A key point is the following lemma. 

Lemma 4.1. Suppose that Lp(s) = Yl'^=i (^n^^^ o^nd that v?(Co) is a bounded subset 0/C1/2. 
Then 

\\CM%- = I \f{^\z))\^dmUz). 

Proof. We need to verify that f{<^*{z)) is the boundary function of the Bohr lift of C<^/. 
It is obvious that the boundary function of is and therefore is the bound- 

ary function of n~* by a Taylor expansion of n"*. Thus the result holds for Dirichlet 
polynomials. By the Gordon-Hedenmalm theorem, this means that the puUback measure 
° ($*)^^ is a Carleson measure for Since the integral on the right-hand side can 
be rewritten in terms of this Carleson measure and the set of Dirichlet polynomials is dense 
in the result follows. □ 



To obtain more quantitative information from Lemma 14. ![ we introduce for every com- 
pact subset VL of Ci/2 a nonnegative Borel measure /i,^,^ on C1/2 by the requirement that 

(16) := m^{{z e T°° : ^*{z) eE\n})=m^ {i^T\E \ fi)) . 

With Q, we associate the number 6 := inf{Res : s E Q} > 1/2; with any sequence 
Si, . . . , Sn-i of n — 1 not necessarily distinct points such that Kesj > 6, we associate the 
finite Blaschke product 

n-l 

which has modulus < 1 on Q and modulus 1 on the vertical line Res = 1/4 + ^/2 < 6. 
Such a function B will be said to be a Blaschke product adapted to Q. 

Suppose next that S = (sj) is a sequence of n points in C1/2 such that $^^(S') C D°°n£^. 
For every finite sequence of distinct points Z in $~^(S'), we define 

N^{sr,Z):= Yl WKTmJ^, 
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which can be thought of as a variant of the Nevanhnna counting function. In the next 
theorem, we have made a shght abuse of notation by viewing (via the Bohr hft) any finite 
sequence Z of distinct points in D°° as a Carleson sequence for M''^ . 

Theorem 4.1. Suppose that Lp{s) = Yl'^=i^nn~''^ and that ip{Co) is a bounded subset of 

Cl/2. 

(a) Let Q be a compact subset 0/C1/2, suppose that 9 := inf{Res : s G fi} > 1/2, and 
let B be an arbitrary Blaschke product of degree n — 1 adapted to Q. Then 

a„(C^) < fsup \B{s)\\{l/2 + 9) + \\fi<,,n\\c 
\seQ 

(b) Let S and Z be finite sets in respectively C1/2 and D°° such that ^{Z) = S and 
S has cardinality n. Then 

an{C^) > [M^2(Sri;t/^,,_^-2||-;^Unf (iV0(s,;^)C(2Res,))'/'. 

Proof. We begin with part (a), and for that purpose use the following rank n — 1 operator. 
Let B be an arbitrary finite Blaschke product of degree n — 1 as defined in (fT7|) . We let 
Jif^ be the subspace of functions / in Jif'^ that are divisible by B. This means that if sj 
is a zero of B of order m, then any / in Jif^ has a zero at sj of order at least m. Let Pb 
denote orthogonal projection from J^"^ onto Jf^ Jf^. We set Rn-i '■= C^pPsf and note 
that this is an operator of rank at most n — 1. By the definition of the nth approximation 
number an{C^), we have 

(18) 0,n{C^) < \\C^ — Rn-l\\. 

Let / be an arbitrary function in J^"^. Then g '.= f — Psf is in and B~^g has the 
same supremum as g in by the maximum modulus principle. Since this supremum 

coincides with the supremum on the vertical line a = 1/4 + 9/2 and |-B(s)| = 1 on this 
line, we therefore get 

sup |(7(<f*(2;))P < 

(19) < 

In the last step, we used the pointwise estimate ([2]) as well as the relation \\g\\jf^2 < ||/||,^2. 
We finally apply Lemma W7[\ to compute the norm of C^g = {C^ — -R„_i)/ and note that 
the desired estimate follows if we use ffT^ when ^*{z) is in fi, and the definition of /i<i,^Q 
for other 2;, again taking into account that \\g\\^'i < ||/||.ir2 • 

We now turn to part (b). We will apply Lemma [2.51 and prepare for this by choosing an 
appropriate space E. For every sj in S, we set 

9j = [N^iSj] Z)]''^ ^ ||^z,oo||;^2i^2,oo 




sup \B{<l>*{z))\^ sup \g{s)\^ 

z:<S>*{z)en Res=l/4+6»/2 

sup \Bicl>*(z))\\(l/2 + 9)\\f\\%, 

z:^*(z)efl 
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and define the n- dimensional space 

E = span{5(i, ...,gn}- 

Note that by f|T^ and the definition of N^{sj; Z) we have C*gj = Kg.. According to 
Lemma [2.51 we have 



an(C^) > inf II C* 



Using the two bounds 



^2 



-2 

,oo ll_^2 



and 



-2 



□ 



from respectively Lemma [2. II and Lemma [2.21 we therefore arrive at part (b). 

We refer to [20], where similar estimates were established in the classical setting of if^(D). 
In [20] , we emphasized the point that in the proof of both inequalities we employed finite- 
dimensional model subspaces. This is another way of saying that the finite-dimensional 
spaces involved are spanned by reproducing kernelsB 

4.2. The MacCluer condition. Returning to part (a) of Theorem 14.11 we look at the 
following simple choice for B. Set 



Bis) 



n-l 



,s-(i/2 + ft„) + e, 

for some fixed ^, where l/2<6'„ = l/2 + £:„<^ and — )■ 0. We consider the compact 
set VL = f{Co) n {s : Res > 6'„} and note that _B is a Blaschke product adapted to Q. If 
s is in Q, then 2 Re s — e„ — 1 > £„. Hence, using ([9]), we find that 

(2Res-£„-l)(2e-£„-l)i«-i 



Bis) 



< 



exp 



(n 



1 



(2 Res 



Bn - l){2^ - Bn - I) 



< 



exp( 



-CnBr 



is + e-£n-ip 

for some constant C. If we for instance choose On = 1/2 + I/a/ti, then the first term on 
the right-hand side of part (a) of Theorem 14.11 will tend to because C(l/2 + On) ^ 
We have therefore proved the sufficiency of the following condition for compactness. 

Corollary 4.1. Suppose that ip{s) = Yl'^=i^nn~'^ and that f{Co) is a bounded subset of 
Ci/2. Then C<^ is a compact operator on J^'^ if and only if 



\imsnpm^o{(^*)-\Q)/e{Q) 



0. 



^In the case of multiple zeros of the Blaschke product B, one should include linear functionals for point 
evaluation of derivatives up to the prescribed order of each zero in question. 
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According to standard terminology, the corollary says that is compact if and only if 
the puUback measure rrioo o ($*)~^ is a vanishing Carleson measure on C1/2. This kind of 
condition for compactness was first found by MacCluer for of the ball in [I5j. The 
argument giving the necessity of the condition in Corollary 14. II uses reproducing kernels in 
exactly the same standard manner as in [15]. We therefore omit this part of the proof. 



4.3. A general lemma. The presence of the term cqs in (p{s) is an obstacle for transferring 
our analysis to when Cq > 1. However, staying in the half-plane C1/2, we obtain the 
following general scheme which will turn out to be useful. The proof is exactly as the proof 
of part (b) of Theorem 14.11 and is therefore omitted. 

Lemma 4.2. Suppose that f{s) = Cqs + 'Y2'^=i Cn'^"'^ determines a bounded composition 
operator on M''^ . Let S = (sj) and S' = (s^) be finite sets in C1/2, both of of cardinality 
n, such that ^p{s'j) = sj for every j . Then 

1-1,,., ,1-1/2 .„.^C(2Re.,^^^/' 



5. Interpolation with estimates from solutions of the d equation 

The following is a key lemma that will be used several times throughout this paper. Here 
we use the notation Sr for the subsequence of points Sj from 5* that satisfy | Imsj| < R. 

Lemma 5.1. Suppose S = {sj = aj + itj) is an interpolating sequence for i7^(Ci/2) and 
that there exists a number 6 > 1/2 such that 1/2 < aj < 6 for every j . Then there exists 
a constant C , depending on 9, such that 

(20) MMSr) < C[M^.(c,/,)(5)]2^+«i?2^+^/2 
whenever R > 6 + 1. 

Thus we need to show that the interpolation problem F{sj) = aj for \tj\ < R has a 
solution F in satisfying 

(21) < ClM^.^c.^^^iSr^^'R'^-^' Yl (^^- - V2) 

|ij|<-R 

whenever the admissibility condition 

(22) Yl l%r(^.-l/2)<oo 

|i,|<i? 

is satisfied. It was shown in [18] that the interpolation problem is solvable, but this result 
does not give the precise estimate stated in (1211) . To obtain this quantitative result, we 
will use a technique introduced in [2^. We now give a brief summary of this method. 
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We may represent / in H'^lCy^) 

/"OO 

f(s) = / ¥^(0e-(^-^/2)«rfe with if e 
Jo 

so that by the Plancherel identity ||/||_ff2(Cj/2) = \\'^\\2- By an appropriate discretization of 
the integral in this representation, we obtained in [23] the following lemma. 

Lemma 5.2. Let N be a positive integer. Then for every ip in L^(log A^, oo), there is a 
function F{s) = Y1^=n ^n^''^ in M''^ , depending linearly on ip, such that \\F\\^2 < \\ip\\2 
and the function 

/oo 
^(^)e-(-i/2)?^^ - F{s) 

enjoys the estimate 

|$(s)| < 2|s- l/2|iV-'^-^/2||(^||2 

for s in C1/2. 

To introduce the second essential ingredient in our solution method, we set 

n{R,T) := {s = a + it : 1/2 < (x < 1/2 + r, -R<t<R] 

for positive numbers R and r. Lebesgue area measure on C is denoted by uj. The following 
simple lemma is again from [23]. 

Lemma 5.3. Assume that R — 1 > 6 > 0, and suppose that g is a continuous function on 
Ci/2 supported on Q = Q{R + 2, + 1) and satisfying \g{s)\ < e. Then 

u[s] = — du[z) 

Jns- z 

solves du = g in C1/2 with bounds \\u\\oo < celogi? for an absolute constant c (independent 
of R) and 

^""^''^ - 7rdist(s,fi)- 

It follows that 

/ pco \ 1/2 

(23) sup / \u{a + it)\'^dt) <c'eVR\ogR 

(T>l/2 \i-oo / 

for an absolute constant c'. 

Let now 5 be a Blaschke product associated with the sequence Sji; this is now a Blaschke 
product in the half-plane C1/2. We fix a smooth function on the closed half-plane a > 1/2 
with the following properties: is supported on Q{R + 2, ^ + 2) such that 0(s) = 1 for s 
in ^1{R+ 1,9 + 1) and | V0| < 2. For a given positive integer A^, we set En{s) = A^~''+V2 



'We allow if and $ to have different meanings in this section than elsewhere in this paper. 
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and define a linear operator T/v on E]\fH'^{Ci/2) as follows. First note that, by a change of 
variable, the elements / of that space all have the form 



(24) /(.) = / ^(Oe-(^-^/^)«de. 

JlogN 

Set ^ = f — F, where F is as in Lemma I5l2| and let u denote the solution from Lemma [5^ 
to the equation 

BEn 

Then set 

T^f ■= - BEnu. 

It is clear that T^f is in E]sfH'^{Ci/2) since has compact support. The virtue of T/v is 
that T7v/(s) = for s in Sji, i.e., T^f — $ is divisible by B. 

We will also need to consider the following extension of T/v. Let T/v be the operator 
from H'^{Ci/2) to Ej^H^{Ci/2) defined as follows. Set 

POO 

(25) f{s) = / viOe-'-^-'/'^^d^ 



and $ = / — T, where F is as in Lemma 15.21 Let again u denote the solution from 
Lemma 15.31 to the equation 

dm) 

BEn 

and set 

f/v/ := - BEnU. 

It follows that T/v/ — $ is divisible by B. 
The following estimates are crucial. 

Lemma 5.4. We have the norm estimates 

||T/v|| < C[6{S)]-^R'^\\ogR)N'+' and \\Tjv\\ < C[6{S)]-^R^/^ {log R)N'\ 

where C is a constant depending on 9. 

Proof. We begin by showing that |-B(s)| is bounded below by c[(5(S')]^ for a suitable c when 
V0(s) 7^ 0. To see this, we choose = min((Tj — 1/2, 1)5{S)/A and observe that 



\B(s) 



S + Sj — \ 



S-Sj 



> m '-^^ > l^is) 

aj — Vj — 1/2 6 



when |s — Sjl = vj since B{s){s + sj — l)/{s — sj) is a Blaschke product with modulus at 
least S{S) at Sj and gradient at most l/(Res — 1/2). It follows that 
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when |s — Sjl = r^. We now set = {s : \s — Sj\ < r^} and see that in fact > c[5(S')]^ 

on Ci/2 \ [Jj^j by the minimum modulus principle. Since V0(s) = on every disc A^, 
the claim follows. 

The difference between the two cases is that if $ is constructed from fl25l). then 



9(6$) 



< C[6{S)]-\R'' + {9 + l)y/^N'+'y\\2, 



BEn 

while if, on the other hand, $ is constructed from flMl) . then 

9(6$) 



BE 



N 



< C[5{S)]-\R' + {d + iff'^N-^yU 



both estimates follow directly from Lemma |521 the lower bound just established for 

and our assumptions on G and S. Using again the estimate from Lemma 15.21 as well as 

(|23|1 and the assumption that R> 6 + 1, we therefore get respectively 

and 

r^/ll|2(c,/,) < C{R'N~' + [5(5)]-^i?3(logi?)2iV-2)||/||i.(e^^^) 
for a constant C depending on 6. □ 

Proof of Lemma \5. 1\ As noted above, it is enough to prove that F{sj) = aj for \tj\ < R has 
a solution / in J^"^ satisfying ( pTl) whenever the admissibility condition ( l22l) is satisfied. 
By assumption, the interpolation problem f{sj) = aj for \tj\ < R has a solution / in 
satisfying 

\tj\<R 

whenever the sum on the right-hand side is finite. By our estimate of Mh2(^c^^^^{S) from 
below in Theorem 12. 21 it is therefore enough to show that, given an arbitrary / in if^(Ci/2), 
we may find a solution F in to the interpolation problem F{sj) = f{sj) such that 

(26) l|i^ll^.<C[5(5)]-^^-«i?^^+l/||i.(e,/,) 

for a positive constant C. 

Let be a positive integer to be determined later. Set /o = f, fi = T^fo, and 
fj = T^~^/i for j > 1. Let Fj be the Dirichlet series in J^f^ obtained by applying Lemma [5l2] 
to fj. Then (Fq + fi){sj) = fo{sj) for Sj in Sr since /i = /o — -^o on S^. Iterating, we get 
that Fq + ■ ■ ■ + Fj + /j+i also coincides with /o on Sr. Thus the function 

00 

(27) F = J2f, 

j=0 

is in J^'^ and F = /o on Sr if we choose N so large that \\Tn\\ < 1. In view of Lemma EH 
we see that this is obtained if we set = [C[5(S')]~^-R^''^"'"^] for some e > and a sufficiently 
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large constant C . Choosing £ < 1/2, we obtain the desired estimate ( 126|) from our bound 
for ||T/v||, cf. Lemma [5.41 □ 

6. Proof of Theorem 11.21 

6.1. Proof of part (a) of Theorem 11.21 We wiU apply Bayart's theorem (Theorem l2.3p . 
To this end, we need the following lemma. 

Lemma 6.1. Let ^ and 7 he arbitrary points in €-1/2- Then there exists a Dirichlet poly- 
nomial X such that xi^o) C C1/2 and 

Xil) = ^ and xil) 7^ 0. 

Proof. The Dirichlet polynomial x "wiH be of the form = Ci + C22~* for suitable Ci, C2. 
Choose 6 > such that 

Re^- 1/2 > e{l + 2^''^y, 

this is possible since by assumption ^ is in C1/2. Take any ci such that |^ — ci| = e and 
choose C2 = — Ci)2^. By construction, we have xil) = ^ also 

x'(7) = -(log2)c22-V0. 
We observe that x maps Cq into C1/2 because 

Reci - i - \C2\ > Re^-£ - i - |^-ci|2^^^ > Re^ - ^ - ^(1 + 2^^^) > 0. 

□ 

We now turn to the proof of part (a) of Theorem II. 2[ Since (f is assumed to be non- 
constant, we may fix a point ^ in C1/2 such that 7^ 0. Set 7 = ip{^) and = X° 
where x is as in Lemma 16.11 We have 

(28) ^(0 = x(7)=e and ^'(0 = x'(7)^'(0 7^ 0. 
The ideal property of approximation numbers gives that 

(29) a„(C^) < ||CJ|a„(C^). 

Since = C^o C^, this implies that it suffices to establish the lower bound <^ a„(C^). 
We set A = ip'iO and note that < |A| < 1 since ^ is a fixed point of ip, which is not an 
automorphism of C1/2. We now invoke Bayart's theorem (Theorem 12. 3 p and Weyl's lemma 
(Lemma 12. 6p which together give 

ai---a„>|Ar+-+" = |A|"("+i)/^ 



Replacing n by 2n, we obtain 



2n 



|^|n(2n+i) <a^...a2n = Y[a,x JJ aj < a^al. 

j=l j=n+l 

Taking rath roots, we get 
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6.2. Proof of part (b) of Theorem 11.21 Let a„ and A„ be respectively the nth approx- 
imation numbers and the eigenvalues of C^p, the latter arranged in descending order. We 
set 7i = Reci and use Bayart's theorem (Theorem 12. 3p and Weyl's inequality (Lemma 
EED: 



oi ■ ■ ■ a„ > |Ai ■ ■ ■ A„| = Y\ k > n 



k=l 

Replacing n by Nn, where is a positive integer larger than 1, we obtain 

n Nn 
j=l j=n+l 

Taking (A^ — l)nth roots, we get 

This gives the desired result since we may choose such that (1 — 1/N)^^^i < 7i + e for 
any given e > 0. 

6.3. Proof of part (c) of Theorem 11.21 Note that Bayart's theorem is of no help when 
Co > 1 since then the spectrum is just {0, 1}. 

We will apply Lemma 14. 2[ and we therefore need to find appropriate sequences 5* and 
S'. We begin by choosing a number do > 1/2 and set := do + iak and S' = (s^)fcgz- We 
choose a > so large that 



a > 3 sup 

(T>O-0 



3 sup lipi-s)], 

a>ao 



n=l 

cf. Theorem 11.11 By Carleson's theorem (Theorem 12. ip . both S' and cqS' are Carleson 
sequences for if^(Ci/2). Since \(p{s) — cos\ < a/3 for s in 5", the same holds for 5* := '^{S'). 
If Sj and Sk are two distinct points in S, then we have 

\ip{sj) - f{sk)\ > co\sj - Sk\ - li'isj)] - \i'{sk)\ > coa - 2a/3 > a/3. 

We also have 

Re<^{s') -1/2 < Coa -1/2 + a/3 < 2coa 
for every s' in S'. From (Q, we therefore get 

( (Q\\^ ■ f |¥^(gj) -y^(gfc)| 1 

VmS)) > mf ,,^oo , , . X , MOM/0 > 



Since S is both separated and a Carleson sequence for H'^{Ci/2), it is an interpolating 
sequence for /7^(Ci/2) in view of Shapiro-Shields's theorem (Theorem 12. 2p . We may now 
restrict to a finite subsequence S'^ of 5" consisting of n points with imaginary parts bounded 
in modulus by an/2 and accordingly set S'„ = f{S'^). Then Lemma [5?T] gives 
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with constants C and c that do not depend on n. Since the ratio C(2ReSj)/C(2Res^) is 
trivially bounded below, the desired estimate now follows from Lemma 14.21 

7. Compact range and restricted range when cq = 

7.1. The case of compact range when cq = 0. Before embarking on the proof of 
Theorem II. 3[ we will in this section present two examples giving additional information in 
the case when cq = 0. We will use both parts of Theorem 14.11 

We first consider the case when cq = and the closure of ipiCo) is a compact subset of 
Ci/2. Setting = v5(Co), we obtain n = 0, and it suffice to take any point Sq in VL and 

(\ n— 1 
s-{i/2 + e) + -. 

This means that < r"~^, where 

s - So 



r := sup 



< 1, 



and hence an{C^p) ^ r*^ by part (a) of Theorem 14.11 This example shows that part (a) of 
Theorem 11.21 is best possible. 

7.2. An example of restricted range and a„(C^) ^ ra""^. We assume again that 
Co = 0. Following [9J, we say that C^p has restricted range if v5(Co) C for some 6 > 1/2. 
A simple argument of Bayart [1, Theorem 21] shows that C^p belongs to the Hilbert- 
Schmidt class 5*2 whenever has restricted range. We will now give an example showing 
that, for every 9 > 1/2, we may have both ip{Co) C Cg and a„(C^) ^ n~^. This means 
that Bayart's result is essentially best possible, and we conclude that there is a significant 
difference between restricted range and compact range. 
We consider the map 

1 + 2-" 
:= ci + Y3^' 

where Reci > 1/2. Then the Bohr lift gives us a function on D, namely 

$ 02 = Ci + . 

1 — Z 

We begin by choosing 

7. _ p-n-^iW{n+j)) 
— c , 

with —n/2 < j < n/2. We obtain the explicit estimate 

Vz{Q)/i{Q)<n'{l~e'^''")/7r 

for Z = [zj) and an arbitrary Carleson square Q in D. Thus Carleson's theorem (Theo- 
rem [JTl]) gives that ||i^z||c is bounded by a constant independent of n. Writing Zj = r„e 
with r„ = e~" and 6j = —n^^ — jn'"^, we get the explicit expression 

/ N ^ / N I + Zj 1 — rl + z2r„ sin 9^ 

(30) Sj := <l>{zj) = ci + = ci + " " ^ 



ie 



1~ Zj (1 - r„)2 + 2r„(l - cos 9 
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In particular, we find that 



^ — , , , ^ , , ^ , I sin I 



Res,- < Reci H " ^ , ^ 1 and I Ims,| < I Imci| H —— ^ n 

2r„(l — cosfc'j) 1 — cosfc'j 

by our assumption on the arguments 9j. Hence there are constants c and r independent of n, 
such that the points Sj are contained in f2(cn, r). In addition, we infer from ( !30|) that there 
is a constant 5 independent of n such that | Imsj — Ims^l > 5 whenever j ^ k. Therefore, 
/i^(5) is a Carleson measure, and by Shapiro-Shields's theorem (Theorem l2.2p . the sequence 
{ip{sj)) is an interpolating sequence for i7^(Ci/2) with constant of interpolation bounded 
by a constant independent of n. Using Lemma |5TT| we see that we have obtained estimates 
from below for each of the three factors on the right-hand side of part (b) of Theorem 14.11 
which enable us to conclude that a„(C<^) ^ for some positive A. 
Note that when Reci = 1/2, we have 

(31) lim sC(2Reip(s)) = 2/ log 2, 

which means that fails to be compact by Bayart's necessary condition for compactness 

8. Proof of Theorem 11.31 

8.1. Reduction to the case of real coefficients. We begin by observing that it is 
enough to consider the case when ci is real and the Cq. are negative. To this end, we set 

d 

ifois) := Reci - ^ \cq,\q~'. 

i=i 

We define two unitary operators Ui and U2 on Jif'^ in the following way. First, we require 
Uien '■= n*^™'^^e„. Second, we set 



and require 

U2en 



^ '■— (~Cq,i/|CqJ, . . . , -Cq^/\CqJ) 



A^Cn, whenever n = q" for some multi-index a; 
Cn, otherwise. 



We observe that = f/2C^,)?7i which means that a„(C(^(,) = an{C^) since, by the ideal 
property f l29p . approximation numbers are preserved under unitary transformations. 
Henceforth it is assumed that ci > and Cq. < for 1 < j < rf. 

8.2. Proof of the estimate from below in Theorem II. 3i We retain the notation and 
terminology from Subsection 12.11 Our plan is to use part (b) of Theorem 14.11 

We begin by choosing the sequence S. Given a positive integer n, we choose n points 

Sj := 1/2 + un''^ + ijn~^ -n/2 < j < n/2. 
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Here z/ is a positive number, independent of n, to be determined below. We set S := {sj) 
and obtain from ([2]): 

viS)> >{l + 2ur' and snp fis{Q)/m) < 

where the supremum is taken over all Carleson squares in C1/2. Hence, by Shapiro-Shields's 
theorem (Theorem 12.21) and Lemma 15.11 we have an upper bound for M^^-2[S) that only 
depends on u. 

We turn to the construction of the sequence Z. This is less straightforward than be- 
fore because $ depends on d complex variables, and therefore the pre-image is a 
relatively large subset of D*^. 

For each sj, we will pick n'^~^ points -2/3(5^) in D'^ with (3 = {(32, ■ ■ ■ , (3d) an index with 
values in the set {1, . . . , nY~^. We choose 

(32) 4'):=(l-n"2)e^/^^"-' 

for 2 < i < d and set z"p\sj) := z'p for every j. Since we want to have $(z/3(s_,)) = Sj, we 
need to require 

d 

e=2 

and this must be consistent with the a priori restriction l^^^"* (sj) | < 1. Using the assumption 
on $, we infer that 



from which it follows that 



(33) 4^is,)-4\s,,) =\c,A-'n-'\j-f\. 
Moreover, a computation shows that 

i4^)(.,)r = (1 - Kn-n-^ + E icj(i - Rez^^))y + Kr{jn-^ - J2 K\i^4'' 

1=2 1=2 

Since the last term on the right-hand side is bounded by a constant times n~^, indepen- 
dently of /3, we obtain 

(34) 1 - < \z^^\sj)\ < 1 - 

when V is large enough, where c is a constant independent of [3 and n. This requirement 
determines the value of v and ensures that we have both in D"' and <^{zji{sj)) = Sj. 
It is now immediate that 

inf(Ar(s,; Z)C(2Res,))i/2 > ^^^d-i . ^-2 . ^-2^1/2 ^ cn('^-i)/2 
j 
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for a positive constant c depending only on v. In view of part (b) of Theorem 14.11 it 
remains only to check that H'fzllc is bounded independently of n. This is most easily done 
via an estimation using reproducing kernels. 
Observe that we may write 



1=2 

This implies that 



/3,J /3G{l,...,n}rf-i l>=2 j 



If we fix all integers in the index /3 except (3e, 2 < i < d, then we obtain a sequence 
Zi := (z^^^)^^^-^ of n points in ©. These sequences are in fact the same for 2 < £ < d. 
By explicit computation, we obtain an absolute upper bound Ht'zJIc ^ S/tt. Iterating 
Lemma 12.11 d — 1 times, we therefore get 



d 



(35) \\j:h.K,sJ^. <C W- \^f\")\Y.^^A^,^\s,) 



/3e{l,...,n}'*-i (-=2 



H2(B) 



with C a constant independent of n. The latter sum involves nf^'^ sequences Zp := {z^p\sj)) 
in ©. Thanks to (1551) and the left inequality in fl5^ . the Carleson norms ||i^z^||c can be 
estimated explicitly. In particular, we infer that these norms are bounded independently 
of /3 and n. Hence we obtain the desired estimate 

\\Y.^p.Kis.)\\^''' ^ cY,\b,,\\i-\z,{s,)\')\{{i-\zf\') 

1=2 

if we apply Lemma 12.11 to each term in the sum on the right-hand side of ([35]) and use the 
right inequality in 



8.3. Proof of the estimate from above in Theorem 11.31 In the proof of the estimate 
from above, the following elementary lemma will be useful. 

Lemma 8.1. Let C be a given positive number. Then there exists another positive number 
c such that 

a — e + it 



a + e + it 

whenever 0<e<l, e'^<a<C, and t^ < Ca. 



<l-ce 
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Proof. We write 



a — e + it 



1 - 



Aae 



a^ + e^ + t^ + 2a€ 



a + e + it 

Using the assumptions on t and a, we get 

a^ + e^ + t'^ + 2ae < 2{a^ + e^) + Ca < (3C + 2)a, 
and the result follows with c = 2/(3C + 2). 



□ 



We will now prove the estimate from above in part (a) of Theorem 11.31 We will first 
assume that d is finite. The Bohr lift ^ oi (p will therefore be a function on D''. Since 
$ is just a linear function, we may consider $ as a function on and, in particular, 
$* = $ on T'^. Our plan is to use part (a) of Theorem 14.11 To this end, we choose 
9 := l/2 + 2p2n-2(logn)2, 



n := {s = a + it : s e <I>(D'^) and a > 9}, 
where p > is a (numerical) parameter to be chosen later, and 

^ ^ / s-l/2-pn-Mogn \"~^ 
\ s — 9 + pn~^\ogn J 

Observe that the Blaschke product B is adapted to Q for n large enough. To ease the 
exposition, we write 

$(2;) = ci + u + iv. 
Since K{ip) = 1/2, we have \u + iv\ < ci — 1/2 =: 6 and therefore 

< {6-u){6 + u) < C{6 + u) 
for a constant C depending on the coefficients Cq^ This means that 

{lm{<l>{z) - l/2)f = {lm{<l>{z)f < C{Re<l>{z) - 1/2). 

If we now set a + it = $(-2) — 1/4 — 9/2 and e = pn~^ logn — p^r;,~^(log?T,)^, then it now 
follows from Lemma [8.11 that 



(36) 



$(2) - 1/2 - pn~^ logn 




a + it — e 


^{z) — 9 + pn^^ logn 




a + it + e 



< 1 — cpn ^ log n 



for some constant c > whenever Re $(z) — 1/2 > p^n ^(logn)^ and n is sufficiently large. 
We therefore find that 



(37) 



sup |5(s)pC(l/2 + ^) < Cn-^^P^n/logn) 



sen 



Thus if we choose p so that 2 — 2cp < 1 — d, i.e. p > {d+1)/ (2c), then the first term on the 
right-hand side of part (a) of Theorem 14.11 can be ignored, and it remains only to estimate 
||/^*,n||c- 

Since p$_n is supported on a bounded set, it suffices to show that p$,Q is a Carleson 
measure for iJ^(Ci/2) with 

(38) ||p^,f,||c«(n/logn)-('^-i)/2^ 
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cf. Carleson's theorem (Theorem 12. ip . In fact, since /i(Ci/2+2p2„-2(iog„)2) = 0, we only 
need to estimate fi<s>,Q{Q) for Carleson squares Q of side length at most 2 p^n~'^ (log nY . 
The following lemma yields the desired estimate fl55]) and finishes thus the proof of part 
(a) of Theorem 11.31 

Lemma 8.2. There exists a constant C , depending only on (p, such that if Q is a Carleson 
square in C1/2 of side length e < 2 p'^n~'^ (log n)'^ , then 

Proof. We assume that $(-2) is in the given Carleson square Q of side length e. We write 

d 

e > Re$(^) -1/2 = |cgj(l - cos^^). 

i=i 

This means that there exists a constant c depending on the coefficients Cg. such that 
l^jl < ce^^"^. Therefore, setting 

Kie) := {z = ie''\ . . . , e''^) : \e^\ < ce^l\ j = 1, . . . , rf}, 

we have C K(e). In addition, since 

d 

(39) Im$(z) = - ^ |cgj sin^j, 

i=i 

there exists another positive constant c' such that 

Q = {o ^it: 1/2 < a < 1/2 + e, t(Q) - e/2 < t < t(Q) + e/2} 

for some t((5) satisfying |t((5)| < c'e^^^. If we now write 

R(e,Q) := {z G ir(£) : t(g) - e/2 < Im<l>(z) < t(g) +5/2}, 

then clearly $~^((5) C R(e,Q), and it suffices therefore to estimate md{R(e,Q)). To this 
end, we observe, using once more (!39|) . that we have 2; in R{e, Q) if and only if z is in -^'(e) 
and 

d d 

^(Q) + l%l sin% - e/2 < -|cgj sin6'i < t{Q) + ^ |cgj sin6'j + e/2. 

i=2 i=2 

From this we infer that for any fixed value of the ((i— l)-tuple {62, . . . ,6d), the first argument 
di must be restricted to an interval of length a constant (depending on the coefficients Cg.) 
times e. By Fubini's theorem, it follows that 

md{R{e,Q)) < Ce^'^"^^'^ x e. 

□ 
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Finally, we consider the case when d = oo. The first part of the argument that leads 
to (jnZD, remains the same. By choosing p sufficiently large, we see that this term decays 
as for arbitrary A > 0. As to the estimate of ||/U$^n||c, the only difference is that the 
bound in Lemma 18.21 can be obtained with an arbitrary positive integer m in place of d. 
To get this bound, we replace the set K{e) in the proof of Lemma [8.21 by 

K^e) := {z = (e^'O e : \9j\ < ce^l\ j = 1, . . . ,m}. 

This modification of the preceding proof shows that we have 

a„(C^)«(n/logn)-(™-i)/2 

for every positive integer m, whence part (b) of Theorem 11.31 follows. 



9. A GENERAL TRANSFERENCE PRINCIPLE AND PROOF OF THEOREM 11.41 

We will now study a recipe for transferring a general composition operator on if^(D) 
to a composition operator on M''^ . The main point will be to show that decay rates 
for approximation numbers are preserved or at least not perturbed severely under this 
transference. Theorem 11.41 will be shown to be a consequence of this principle. 

In what follows, we will again use the Mobius transformation 

which maps D conformally onto C1/2. We will also write 

l{s) := 2- 

and view the function / as a map from C1/2 onto D. A computation shows that 

/" di 1"^ dr 

\\foT\\l,^^^= / 1/(1/2 + .tan(t/2)p-= / |/(l/2 + zx)p 

Using the embedding inequality ([3]) as in the proof of Lemma 12. 3[ we deduce that the 
composition operator defined by the formula Ct(/) := / o T is a bounded operator from 
if^(D) to Jif"^. Similarly, we can define a (non-surjective) isometry Cj : if^(D) — )■ J^'^ by 
setting Cif{s) := /(/(s)). If u is an analytic self-map of D, we define an analytic map 
(y9 : Co — )■ Ci/2 by the formula ip := T o a; o /, which implies dp = Cj o C^j o Ct- Note 
that the Dirichlet series is then the symbol of a bounded composition operator on 
with Co = 0. By the ideal property of approximation numbers and their preservation 
under left multiplication by isometrics, we immediately get 

aniC^) = a„(C^ o Ct) < WCrWaniC^). 

We have thus proved the easiest of the two inequalities of the following theorem. 
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Theorem 9.1. Let u be an analytic self-map of ID) such that a;(D) has a positive distance 
to 1, and set ip := T o oj o I . There exist positive constants c and A such that if Z = (zj) 
is any finite sequence such that both Z and uj{Z) consist of n distinct points in D, then 



-1/2 f 1-kf V^^ 



In particular, C<^ is compact as soon as C^j is compact. 

Proof. The proof is a matter of combining estimates that we have already made. To begin 
with, we see that the Bohr lift of ip is just $ := T o cu. Thus if we start from an arbitrary 
sequence Z = (zj) in D and set Sj := ^{zj), then part (b) of Theorem 14.11 gives 

(40) a„(C^) > [M,MnZ))]-'\\fiz,Hm\\cmB)^^^ ((1 - l%r)C(2Res,))'/'. 



Since S = T o uj{Z) and uj{Z) is bounded away from 1, we have 



C{2Reu{zj)) > c(l - \uj{z 



|2\-1 



Finally, we use Lemma 15.11 and Lemma 12.41 to see that 

MMnZ)) < C[MH2io){uj{Z))f 

for positive constants C and A depending only on u. The result follows if we plug the 
latter two estimates into (HUI) . □ 

The bound from below in Theorem 19.11 gives a less immediate connection to the approx- 
imation numbers of C^, but we may relate it to the following analogous result for if^(D) 
[201 Theorem 3.1]: If Z = (zj) and uj{Z) are finite sequences, each consisting of n distinct 
points in ©, then 



12 \ 1/2 

(41) a^iC^) > [M^^2(E,)(c<;(Z))]"^||/i^,^^2(B)||cH2(D) 



3 V i - \UJ{Zj^ 



12 



This means that lower bounds obtained from Theorem 19.11 will decay as a fixed power of 
the bounds extracted from fHTj) . We refer to [20], where a number of estimates based on 
[1]) are found. 



Proof of Theorem In the particular case of approximation numbers of slow decay as in 
part (a) of Theorem 1.1 of [20], we use sequences Z for which MH2(p-^{(jj{Z)) are bounded 
independently of Z. Therefore, we obtain exactly the same lower bound, up to a multi- 
plicative constant, for a„(C(^) and a„(C^). Since Corollary 1.1 of [20] relies on estimates 
from part (a) of Theorem 1.1 of [20], it may be directly transferred to yield Theorem 11.41 
of the present paper. □ 
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10. Concluding remarks 

The result of the preceding paragraph shows that we may associate composition opera- 
tors on if^(D) with a particularly simple subclass of composition operators on namely 
those for which cq = and the Bohr lift is a function of only one variable. Thus, by our 
transference principle, even this subclass yields a remarkably rich collection of composition 
operators. 

However, the most intriguing aspect of the study of composition operators on ap- 
pears to be the interplay between function theory in respectively half-planes and polydiscs, 
exemplified by Theorem II. 3 [ Our subject has a completely different flavor when the Bohr 
lift of the symbol is a function of several variables. Indeed, Theorem 11.31 shows that we 
may find a function $ : D°° — C1/2 such that $(D°°) touches the vertical line t = 1/2 
"parabolically" at 1/2 and still the associated composition operator C<^ belongs to all 
Schatten classes Sp for p > 0. The problem of estimating the decay of the approximation 
numbers of composition operators associated with more general classes of maps from ©"^ 
into Ci/2, is a matter that awaits further study. In particular, it appears as a challenge 
to understand more generally the role of the complex dimension d in this context. This 
should be a question about exploring more deeply the ramifications of Theorem 14. 1[ 

In addition, it would be desirable to have a complete characterization of compactness. 
One may hope that Corollary 14.11 could be generalized to cover also the case Cq = 
with unbounded symbols (p, but an obvious obstacle is that we do not know any general 
characterization of Carleson measures for M''^. 
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